Abstract. Chas and Sullivan introduced string homology in [2] , which is the equivariant homology of the loop space with the S 1 action on loops by rotation. Craig Westerland computed the string homology for spheres with coefficients in Z/2Z [7] and Somnath Basu computed the string homology and string bracket for spheres over rational coefficients and found that the bracket is trivial in his dissertation [1] . In this paper, we compute string homology and the string bracket for spheres with integer coefficients, treating the oddand even-dimensional cases separately. We use the Gysin sequence and LeraySerre spectral sequence for our computations. We find that over the integers, the string Lie algebra bracket structure is not always zero as Basu found. The string bracket turns out to be non-zero on torsion elements coming from string homology.
String Homology Lie Algebra Preliminaries
We describe the basic algebraic structures appearing in the homology and equivariant homology of the free loop space of an n dimensional manifold M , LM = M ap(S 1 , M ) as described by Chas and Sullivan [2] . We will consider homology and cohomology with integer coefficients, unless otherwise stated. We denote the usual homology of the free loop space of M as H * (LM ) and equivariant homology will be denoted by H S 1 * (LM ). For the rest of this paper we will drop the LM from the homology notation if it is clear from the context which space M we are referring to.
Chas and Sullivan defined the loop product on H * (LM ) := H * +d (LM ),
which was defined on the chain level by intersection and concatenation of families of loops. String homology is the equivariant homology of the free loop space with respect to the action of rotation of loops, H S 1 * (LM ). The fibration,
induces a long exact sequence on homology, the Gysin sequence from which Chas and Sullivan used to describe a Lie bracket on H where e and M are informally called the "erasing map" and "marking map," respectively. There is a Batalin-Vilkovisky operator denoted by ∆, which comes from the natural action given by rotation of loops,
given by ρ(t, γ)(s) = γ(s + t). This action defines a degree one operator on loop homology: ∆ :
Note that e • M = 0 by exactness, and ∆ = M • e.
For two classes α, β ∈ H S 1 * (LM ), the string bracket is defined by
where • is the loop product. 
In the following sections, we compute the H S 1 * (LS n ) for all n ∈ N and we compute the structure of the string bracket. (1) for n = 1,
, where t k is a torsion group of order k!. All other j that does not fall into the above categories, we have that H 
is given as follows:
(1) for n = 1, the string bracket is only nontrivial on generators of degree zero.
The bracket is only nontrivial for the torsion elements. (2) for n = 2k + 1, the only possible non-zero bracket is of the generators
where
so the bracket is only zero when
i + j − 1 divides ij. (3) for n = 2k, the
string bracket is always zero except on the generators e(bv
and since e(v k+l ) has order 2(k + l) + 1 it is not always zero.
The Gysin Sequence for the Circle Bundle
We consider the even and odd spheres as separate cases in computing string homology. In both cases, we use the Gysin sequence of the circle bundle,
String Homology for Odd Spheres.
For n odd, the BV-operator acts on the generators of
as follows, [?]:
Consider the bottom of the Gysin sequence. Let H
The maps H
i−2 are given by the cap product with the class generator
we denote the generator by γ, which is dual to x. We use the notation
Since the maps given by the cap product are isomorphisms between where the loop homology is zero, we have that
For even degrees, the generator γ i increases subscript as isomorphisms in the sequence are given by cap product with x, dual to the cup product with x.
To determine H S 1 n−1 (LS n ), note that we have a short exact sequence,
that splits since the last term is free. Thus H
). We use the notation of e(−) to denote that the generator comes from the erasing map. Using the BV-operator to determine the marking map M : H Proof. In the circle bundle (4.1) the marking map is an umkehr map coming from the projection map. Notice that
In the next piece of the Gysin sequence where loop homology is non-zero, we have
In the third and fourth row above, we have a short exact sequence with H
in the center, which splits, so H
through M , we have M (e(a ⊗ u 2 )) = 2(1 ⊗ u), given by the BV-operator. Thus H (1 ⊗ u) ). Since the cap product map H 
Now assume the following holds for all k ∈ N:
and
, where t k is a torsion group of order k!. There are extension issues, so we cannot say which torsion group H S 1 2i+1 should be.) Consider the k + 1-th non-zero piece of the Gysin sequence:
Thus, we can extract a short exact sequence from the last two lines of the Gysin sequence above, giving us H
2 ) and that
(k+1)(n−1)+1 is all torsion since it is sandwiched between a short exact sequence of torsion groups, so H S 1 (k+1)(n−1)+1 ∼ = t k+1 . Since loop homology H i (LS n ) is zero for (k +1)(n−1)+2−n ≤ i ≤ (k +2)(n−1)−1−n), we obtain the analogous statements of (4.3) for k + 1.
The string bracket is a degree 2−n map, where the only possible non-zero bracket is of the generators e(a ⊗ u i ), since the marking map M sends all other generators to zero.
Proof of Theorem 3.2 (2).
[
where e(1 ⊗ u i+j−2 ) is a generator of Z i+j−1 , so the bracket is only zero when i + j − 1 divides ij.
String Homology for Even Spheres. For n even,
where |a| = −n, |b| = −1 and |v| = 2n − 2 [3] . By Menichi, we have that the BV-operator acts as follows [?]:
To keep track of things,
. Let us consider the bottom of the Gysin sequence:
. . .
where all of the odd degree homology are isomorphic, and all even degree homology are isomorphic, or H
i−2 in the gaps denoted by the vertical dots. The k-th piece of the sequence is as follows:
where C k is a torsion group of order
. The bottom of the above Gysin sequence gives the short exact sequence
⊕ torsion group of order
Note that the even torsion can be resolved using the results by Westerland in [7] . From the top of the above Gysin sequence, we get the following.
The string bracket is always zero except on the generators e(bv j ) since e(v k+l ) has order 2(k + l) + 1 so it is not always zero.
Proof of Theorem 3.2 (3).
[e(bv k ), e(bv
= −(4kl + 2k + 2l + 1)e(v k+l ).
Examples Computation for String Homology and String
We compute the string homology of S 1 using the Gysin sequence for the circle bundle
Basu computed this in his thesis, but here we use different techniques.
Proof of Theorem 3.1 (1) . Recall that the non-equivariant homology of LS 1 is given as follows [3] , [5] ,
where H * (LS 1 ) = H * +1 (LS 1 ) and a corresponds to the dual of [S 1 ] under the geometric grading [6] , [3] .
The BV-operator (∆ = M • e) acts on generators of H * (LS 1 ) as follows, [?]:
Consider the Gysin sequence for the above circle bundle:
The end of the Gysin sequence gives us that H
Z(e(a ⊗ x n )). Using the information from the BV-operator, M • e(a ⊗ x n ) = ∆(a ⊗ x n ) = n(1 ⊗ x n ). Since e is surjective and ker(e) = im(M ) = n∈Z nZ(1 ⊗ x n ), we have that 
Proof of Theorem 3.2 (1).
The string bracket,
is a degree +1 map, and it is only nontrivial on generators of degree zero since the marking map is trivial for generators of degree greater than zero. For e(a ⊗ x n ), 1) . We can conclude that the bracket is only nontrivial for the torsion elements.
